The anomalous dimensions of dimension-six operators in the Standard Model Effective Field Theory (SMEFT) respect holomorphy to a large extent. The holomorphy conditions are reminiscent of supersymmetry, even though the SMEFT is not a supersymmetric theory.
I. INTRODUCTION
The Standard Model (SM) is the most general renormalizable SU (3) × SU (2) × U (1) gauge theory built out of n g = 3 families of fermions and a single Higgs doublet H, and it has been experimentally tested in all its fundamental aspects. In view of the absence of extra particles at the electroweak scale, new physics effects can be included naturally by adding higher dimensional operators built with SM fields [1, 2] . This generalization of the SM defines the SMEFT built out of SM fields, which consists of the SM Lagrangian and arbitrary higher dimension operators suppressed by the scale Λ of new physics. Electroweak symmetry is broken spontaneously by the usual Higgs mechanism. Any model of new physics maps to the SMEFT with specific coefficients for energies E < Λ, as long as there are no new particles present at the electroweak scale. For energies E < Λ, the dominant new physics operators are mass dimension d = 6.
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In a series of papers [4] [5] [6] [7] [8] , we have computed the oneloop anomalous dimensions of the dimension-six operators, as well as their contributions to the anomalous dimensions of the SM d ≤ 4 parameters. The renormalization group equations (RGE) preserve gauge and flavor symmetries. Surprisingly, the one-loop RGE also preserve a holomorphic structure reminiscent of supersymmetry, even though the SMEFT is not supersymmetric. In Ref. [7] , we pointed out that the anomalous dimensions of the magnetic dipole operators preserved holomorphy. In this paper, we summarize the non-trivial anomalous dimension conditions that are satisfied which preserve holomorphy. We have been unable to come up with a general explanation for this holomorphic structure. However, the large number of holomorphy relations which are satisfied suggests that this structure is not purely accidental.
Our calculations are done using the non-redundant operator basis of Ref. [2] , and using the equations of motion 1 The single d = 5 lepton-violating operator in the SMEFT [3] leads upon spontaneous symmetry breakdown to light Majorana masses for neutrinos which couple to the W ± and Z gauge bosons. The extreme lightness of these neutrinos required by neutrino oscillation data implies that the energy scale of the d = 5 operator Λ 5 ≫ Λ. Approximate lepton number symmetry suffices to maintain this hierarchy of new physics scales. A similar hierarchy applies for d = 6 operators which violate baryon number.
(i.e. field redefinitions) to reduce the operators to this standard basis. The calculation can be thought of as a computation of S-matrix elements, since we are computing on-shell amplitudes. The holomorphic structure only appears after this is done, with non-holomorphic direct contributions being cancelled by non-holomorphic indirect contributions from equation of motion terms. There have also been recent efforts to understand the form of the anomalous dimension matrix based on a tree/loop operator classification scheme [9, 10] .
II. HOLOMORPHY
The 59 dimension-six operators can be divided into different classes depending on field content. Let X denote a field-strength tensor, ψ a fermion field which can be either left-handed (L) or right-handed (R), and D a covariant derivative. Then the operator classes are denoted by
, and ψ 4 operators, using the notation of Refs. [2, [5] [6] [7] . It is convenient to separate the ψ 4 operators into three subclasses: (LR)(LR), (LR)(RL), and current-current operators JJ, which consist of (LL)(LL), (RR)(RR), and (LL) (RR) .
To specify what we mean by holomorphic operators, we introduce the "complex" field strengths
where X µν = ǫ µναβ X αβ /2, and ǫ 0123 = +1. The selfduality condition in Minkowski space is complex because
The holomorphic part of the Lagrangian, L h , is the Lagrangian constructed from the fields X + , R, L, but none of their hermitian conjugates. The Lagrangian contains also the hermitian conjugate of the holomorphic piece, Lh, which is built from the fields X − , R and L. We refer to this part of the Lagrangian as anti-holomorphic. The remaining terms in the Lagrangian are deemed nonholomorphic.
A few comments:
Holomorphy is not imposed on the Higgs doublet;
in this regard the definition differs from that of supersymmetry [11] (we will come back to this point later).
3. A spinor-helicity formalism [12] study shows that holomorphic operators induce amplitudes with all particles having the same sign helicity ("−" for all particles outgoing).
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We now discuss explicitly the operators which fall into the holomorphic and anti-holomorphic categories. The X 3 operators are defined by
where f ABC are the group structure constants. The holomorphic and anti-holomorphic combinations of these operators are
Cµ (3) with Q X,+ holomorphic and Q X,− anti-holomorphic. The contribution of the X 3 operators to the Lagrangian is
with complex coefficients C X,± ≡ C X ± iC X . Similarly, the X 2 H 2 Higgs-gauge operators can be divided into holomorphic, (X + ) 2 H 2 , and anti-holomorphic, (X − ) 2 H 2 , operators with complex coefficients C HX,± ≡ C HX ± iC H X . The σ µν matrices satisfy the self-duality relation
so that the magnetic moment operators
are holomorphic, depending only on
The ψ 2 H 3 operators have the form of the SM Yukawa couplings (
e e H j + h.c. (7) multiplied by an additional factor of H † H. They are a priori holomorphic; however, they behave as nonholomorphic operators, and we leave them out of the holomorphic class. It is worth pointing out that these operators can be rewritten through equations of motion in terms of non-holomorphic operators, which might be the reason for their non-holomorphic behavior. In summary, the Lagrangian reads:
where h,h and n refer to holomorphic, anti-holomorphic and non-holomorphic operators (and their coefficients) respectively and Ch = C * h . Note that, at tree level, L h is also holomorphic in the coefficients C h .
This definition of holomorphy can be extended to the SM Lagrangian. The gauge kinetic terms can be written as a sum of holomorphic and anti-holomorphic pieces in the presence of a θ-term. While the Yukawa couplings seem to be holomorphic, just like the class ψ 2 H 3 operators, they can be rewritten in terms of non-holomorphic operators using equations of motion, so they are considered to be non-holomorphic operators. The rest of the SM Lagrangian is self-conjugate, and non-holomorphic.
III. RGE
For the holomorphic part of the Lagrangian to remain so under renormalization group evolution, holomorphic operators must not mix with their hermitian conjugates nor receive contributions from non-holomorphic operators. This condition ensures that L h stays a holomorphic function of C h at the quantum level:
where µ is the renormalization scale. We refer to this condition as the weak version of holomorphy. This condition translates straightforwardly into the anomalous dimension matrix (note that γ ij is defined as the matrix for the coefficients C rather than the operators) :
where γ ij is a (non-holomorphic) function of the SM parameters and the RGE of C h are the complex-conjugates of those for C h . Weak holomorphy requires that γ hh = 0 and γ hn = 0, whereas it sets no constraint on γ nh . The one-loop anomalous dimension matrix is summarized in Table I . It is written as the 2 × 2 block matrix
which encodes the same information as Eq. (10). The one-loop anomalous dimension of the SMEFT d = 6 operators has a number of vanishing entries; some of them are constrained to vanish by the naive dimensional analysis (NDA) perturbative order formula [13, 14] , e.g. the X 3 − ψ 2 XH anomalous dimension must vanish at one loop. These cases are marked with 0 in Table I . NDA also gives the order in coupling constants of the various entries. This information can be combined with flavor symmetry to further constrain the mixing. For example, the (LR)(LR) − (LR)(LR)
† entry of the anomalous dimension matrix is at most second order in the Yukawa couplings Y by NDA; it must vanish at one-loop order, since flavor symmetry requires four factors of Y in the mixing term. Cases where holomorphy is satisfied using a combination of NDA and flavor symmetry are marked with h F , signaling γ ih = 0. Sometimes there do not exist any one-loop diagrams contributing to an entry either directly or indirectly through equations of motion; these entries are marked as ∄.
The above considerations summarize the information one has on the anomalous dimension matrix before doing the actual computation, and they follow from general principles that apply to an arbitrary EFT. In view of Table I, they fall far short of accounting for the structure of the anomalous dimension matrix. In the notation of Table I , holomorphy is preserved if the γ hh block is holomorphic, i.e. has a h, h F or vanishes in every one of its entries, and the γ hn blocks vanishes. The h indicates that the entry depends only on C h , and not on its conjugate C * h = C h ; that is γ ih = 0. The remaining symbol in Table I , → 0, signals a vanishing entry which is not expected to cancel by any of the above considerations, but which vanishes by explicit calculation.
There are 16 entries in the γ hh block, all of them satisfying holomorphy. Three entries vanish by NDA, and one entry has no one-loop graph. There are 12 remaining entries. Three respect holomorphy because they vanish by explicit computation (denoted by → 0), and 9 are non-vanishing but satisfy holomorphy. For example, the running of the magnetic moment operatorsĊ ψ 2 XH depends on C ψ 2 XH but not on C * ψ 2 XH , as was noted in Ref. [7] , and has the entry h. The C * ψ 2 XH term cancels between direct contributions toĊ ψ 2 XH and equation of motion terms. For holomorphy to hold for thė C X 3 ∝ C X 3 term, the Q X − Q X anomalous dimension must equal the Q X − Q X anomalous dimension, etc.
The number of conditions that are satisfied is actually much larger than the number of entries in Table I. 3 Each operator class has several operators, so the entries in the table are really submatrices. In addition, many entries have several flavor invariants and/or different factors of the gauge couplings, all of which must satisfy holomorphy.
The operators β(g X )X 2 /g X and g 2 X X X are not renormalized, which implies that X 2 and X X have different anomalous dimensions beyond one loop. This would lead to a violation of holomorphy (e.g. in the X 2 H 2 operators, see the discussion in Ref. [4] ) at two loop order. In supersymmetry, one can define a holomorphic coupling so the β function only has a one-loop contribution [11] ; this choice is necessary to preserve holomorphy beyond one loop in the X 2 H 2 sector.
The γ hn block of the matrix has 24 entries, 22 of which vanish, and 2 (denoted / h w ) which do not, violating weak holomorphy. The two sole non-zero entries in violation of holomorphy arise fromĊ (LR)(LR) ∝ C (LR)(RL) , C JJ . An interesting feature of this contribution is that it is induced by a loop diagram with a virtual Higgs doublet exchange and is proportional to the product Y u Y d or Y u Y e . Such a diagram is only possible because the SM Higgs doublet is in a self-conjugate representation of the SU (2) gauge group. In a supersymmetric theory, two Higgs doublets are required since the superpotential containing the Yukawa couplings is holomorphic in the scalar fields as well. 4 The Yukawa interaction in Eq. (7) no longer contains both H and its conjugate H, and the diagrams producing Y u Y d,e terms do not exist. Note that, for practical purposes, the limit Y u Y e,d → 0 is a good approximation for the SM because the Yukawa matrices are dominated by a single non-zero entry, the top-quark coupling y t .
We can summarize the results so far:Ċ h respects holomorphy, i.e. γ hh is holomorphic (γ hh = 0) and γ hn = 0, with the exception of two "nonsupersymmetric" holomorphy-violating terms proportional to Y u Y d,e , which are suppressed phenomenologically. We do not know whether this approximate weak holomorphy is an accident at one loop, or there is something non-trivial going on.
The anomalous dimension matrix also has a large number of vanishing entries in the γ nh block. This result suggests a stronger version of holomorphy that seems to be satisfied to a large extent. In this stronger version, holomorphy in the coefficients C h is imposed on the whole dimension-six Lagrangian, not only the holomorphic piece. This condition requires that the entries in the first column block γ ih , i = h, n either vanish or are holomorphic. As discussed above, γ hh is holomorphic. The block γ nh has 24 entries and 20 of them satisfy strong holomorphy. Two of the 4 entries that violate strong holomorphy (denoted / h s ) in γ nh have the Y u Y d,e form discussed above. Two entries, the contributions to ψ 2 H
IV. CONCLUSIONS
In this paper, we have summarized the non-trivial holomorphic structure of the anomalous dimension matrix for the d = 6 operators of the SMEFT. Many of the results are similar to those in a supersymmetric theory, even though the SMEFT is not supersymmetric. The weaker form of holomorphy holds up to Y u Y d,e terms in two entries, and the stronger form of holomorphy is violated in another four entries; three of the four depend on Yukawa couplings -two have the Y u Y d,e form and one is suppressed by one power of a Yukawa coupling. The only non-zero entry which violates holomorphy that is independent of Yukawa couplings leads to Eqs. (13) and (14). We have not been able to find a unifying explanation for these results. Given the large number of relations that have to be satisfied for the holomorphic property to hold, it is unlikely to be purely accidental. There could be a hidden conserved quantum number similar to the conformal spin of SL(2, R) symmetry [15] , but we have been unable to find one.
We hope this paper will motivate the community to provide an explanation for the holomorphic structure of the SMEFT RGE at one-loop, and also whether it survives at higher orders. Given the complexity of the SMEFT, it is likely that the results can be extended to more general theories.
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